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Abstract. We consider the online bin packing problem under the advice com- 
plexity model where the "online constraint" is relaxed and an algorithm receives 
partial information about the future requests. We provide tight upper and lower 
bounds for the amount of advice an algorithm needs to achieve an optimal pack- 
ing. In a theoretical setting in which there is no restriction on items sizes, we 
show that log Opt —o(n log Opt) bits of advice are necessary to achieve an 
optimal packing, where n is the length of the sequence and OPT is the cost of 
an optimal packing. This matches the natural upper bound of n log OPT bits up 
to additive lower order terms and is in that sense optimal. In a more practical 
setting in which there are a constant number of m distinct items, we show that 
(m — 3) logn — O (1) bits of advice are necessary and mlogn bits are suffi- 
cient to achieve an optimal packing. We also introduce an algorithm that, when 
provided with logn bits of advice, achieves a competitive ratio of 3/2 for the 
general problem. This algorithm is simple and is expected to find real-world ap- 
plications. We introduce another algorithm that receives 2n -I- o(n) bits of advice 
and achieves a competitive ratio of 4/3. Finally, we provide a lower bound argu- 
ment that implies that advice of linear size is required for an algorithm to achieve 
a competitive ratio better than 5/4. 



1 Introduction 

In the classical one-dimensional bin packing problem the goal is to pack a given se- 
quence of items into a minimum number of bins with fixed and equal capacities. For 
convenience, it is assumed that items sizes are in the range (0, 1] and the capacities 
of bins are 1. In the online version of the problem, the items are revealed one by one, 
and an algorithm must pack each item without any knowledge about future items. The 
decisions of an online algorithm are irrevocable, i.e., it is not possible to move an item 
from one bin to another after it is placed in a bin. 

The online bin packing problem has many applications in practice, from loading 
trucks subject to weight limitations to creating file backups in removable media |8J. 
Heuristics that have been proposed for the problem include First-Fit (Ff), Best-Fit (Bf), 
and the Harmonic -based class of algorithms. Ff keeps a list of bins in the order they 
are opened, places an item in the first bin that has enough space, and opens a new bin 
if necessary. Bf performs similarly to Ff, except that the bins are ordered in increasing 
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order of their remaining capacity. Harmonic-based algorithms are based on the idea of 
packing items of similar sizes together in a bin. 

Similar to other online problems, the standard measure for comparing bin packing 
algorithms is competitive analysis. Under competitive analysis, the performance of an 
algorithm A is compared to that of Opt, which is the optimal offline algorithm. More 
precisely, the competitive ratio of an algorithm A is the asymptotically maximum ratio 
of the cost of A to that of Opt for serving the same sequence a. Ff and Bf have the 
same competitive ratio of 1.7, while the best Harmonic-based algorithm has a competi- 
tive ratio of at most 1.58889 121]. It is also known that no online algorithm can have a 
competitive ratio better than 1.54037 [3 1. 

The difference between the conditions for the online algorithms versus the opti- 
mal offline algorithm gives rise to some problems. In many cases, it is not possible 
to separate online algorithms that have equally bad competitive ratios because of the 
online constraint versus the optimal algorithm's powerful knowledge of the entire fu- 
ture. Moreover, the total lack of information about the future is unrealistic in many 
real-world scenarios [11]. A natural approach for addressing this issue is to relax the 
problem by providing extra information about the input sequence. For the online bin 
packing problem, such relaxations have been studied in the contexts of lookahead, in 
which the online algorithm can look at the items arriving in the near future [14], and 
closed bin packing, in which the length of the request sequence is known to the onUne 
algorithm fTl. In both cases, the average performance of the online algorithm improves, 
compared to the online algorithms with no information about the future. 

The advice complexity model for online algorithms is a more general framework 
under which the "no knowledge assumption" behind online algorithms is relaxed, and 
the algorithm receives some bits of advice about the future requests. The advice can be 
any information about the input sequence and is generated by an offline oracle which 
has unbounded computational power Provided with the appropriate advice, the online 
algorithms are expected to achieve improved competitive ratios. The advice model has 
received significant attention since its introduction II 1 1 161 1 6151 1 9I20I71 1511 2I9II . 

In this paper, we study the advice complexity of the online bin packing problem. Our 
interest in studying the problem under this setting is mostly theoretical. Nevertheless, in 
many practical scenarios, it can be justified to allow a fast offline oracle to take a "quick 
look" at the input sequence and send some advice to the online algorithm. For example, 
assume we need to load trucks with items of different weights stored in a warehouse. 
Because of the large number of items, there is a bottleneck in measuring and storing 
the weight of all items. So the problem has an online nature. However, it is possible to 
take a quick look and count, for example, the number of items which are heavier than 
1/2 and lighter than 2/3 (of the weight capacity of a truck). We show that this form of 
advice can be used to achieve an algorithm which outperforms all online algorithm. 

1.1 Model 

In the last few years, slightly different models of advice complexity have been proposed 
for online problems. All these models assume that there is an offline oracle with infinite 
computational power, which provides the online algorithm with some bits of advice. 
How these bits of advice are given to the algorithm is the source of difference between 
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the models. In the first model, presented in IfTOl . an online algorithm poses a series 
of questions which are answered by the offline oracle in blocks of answers. The total 
size of the answers, measured in the number of bits, defines the advice complexity. The 
problem with this model is that a lot of information can be encoded in the individual 
length of each block. To address this issue, another model is proposed in ifTTl which 
assumes that online algorithms receive a fixed number of bits of advice per request. 
We call this model the advice-with-request model. This model is studied for problems, 
such as metrical task systems and fc-server, and the results tend to use more than a con- 
stant number of bits of advice per request fl 1,'201. Nevertheless, there are many online 
problems for which a sub linear and even a constant number of bits of advice in total is 
sufficient to achieve good competitive ratios. For example, it is easy to see that for the 
ski-rental problem fTT\, one bit of advice suffices, and for the secretary problem llT3l . 
log n bits of advice are sufficient to achieve optimal solutions 0. However, under the 
advice-with-request model, the possibility of sending a sublinear number of advice bits 
to the algorithm is not well defined. In [6 '51 another model of advice complexity is pre- 
sented which assumes that the online algorithm has access to an advice tape, written by 
the offline oracle. At any time step, the algorithm may refer to the tape and read any 
number of advice bits. The advice complexity is the number of bits on the tape accessed 
by the algorithm. As mentioned in [5], this advice-on-tape model can be used to sim- 
ulate the advice-with-request model, and the lower bounds under this model directly 
apply to the other model. Since its introduction, the advice-on-tape model has been 
used to analyze the advice complexity of many problems including paging [6 16 19J, 
disjoint path allocation ||6l, job shop scheduling 1161 191 . fc-server Js], knapsack Q, bi- 
partite graph coloring fTsl, online coloring of paths llTZI . online set cover onUne 
maximum clique |4|, and graph exploration |9|. 

Regarding notation, we use A((t) to denote the costs of A for packing a request 
sequence a. When a follows from the context, we simply use A to denote this cost. We 
use similar notation for all algorithms, including Opt. 

We consider the bin packing problem under the advice-on-tape model, which is 
formally defined as follows, based on the definition of the advice model in ||5]: 



Definition 1. In the online bin packing problem with advice, the input is a sequence of 
items a — {xi, . . . , a;„), revealed to the algorithm in an online manner (0 < Xi < 1). 
The goal is to pack these items in the minimum number of bins of unit size. At time step 
t, an online algorithm should pack item Xt into a bin. The decision of the algorithm 
to select the target bin is a function of (p, xi, . . . , Xt-i, where <I> is the content of the 
advice tape. An algorithm A with advice tape <P is c-competitive with advice complexity 
s(n) if there exists a constant co such that, for every n and for each input sequence a 
of length at most n, there exists some <P such that A((t) < c Opt((t) + cq, and at most 
the first s(n) bits of the tape have been accessed by the algorithm. An algorithm A is 
optimal ifA{a) = Opt((t). 



^ In this paper we use log n to denote log2(ji). 
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1.2 Contribution 



We answer different questions about the advice complexity of the online bin packing 
problem. First, we study how many bits of advice are required to achieve an optimal 
solution. We consider two different settings of the problem to answer this question. 
Under a theoretical setting in which there is no restriction on the number of distinct 
items or their sizes, we show that n log Opt bits of advice are sufficient to achieve 
an optimal solution. We also prove that at least (rt — 2 Opt) log Opt bits of advice 
are required to achieve an optimal solution. Thus, 0{n log Opt) bits are necessary and 
sufficient to achieve an optimal solution. 

In a more practical setting in which there are m distinct items in the sequence, we 
prove that at least (m — 3) logn — 2m\ogm bits of advice are required to achieve an 
optimal solution. If m is a constant, there is an online algorithm that receives m log n 
bits of advice and achieves an optimal solution. Hence, the lower and upper bound 
match for this setting. We also show that, even if m is not a constant, if all items are 
larger than a fixed small e, there is an online algorithm that receives m log n bits of 
advice and achieves a competitive ratio of 1 + e. So, 0{m\ogn) bits are sufficient to 
achieve an almost optimal solution in this setting, while the same number of bits are 
required to achieve an optimal solution. 

We also study a relevant question that asks how many bits of advice are required to 
perform strictly better than all online algorithms. We answer this question by providing 
an algorithm which receives log n bits of advice and achieves a competitive ratio of 
1.5. It is known that any online bin packing algorithm has a competitive ratio of at least 
1.54037 |3|. Hence, our algorithm outperforms all online algorithms. Both the offline 
algorithm that generates the advice and the online algorithm that packs the items are 
simple and fast. We expect that this algorithm will find appUcations in many real-world 
scenarios. 

Moreover, we show that a linear number of bits of advice are sufficient to achieve 
a competitive ratio of 4/3 + e. More precisely, we introduce an algorithm that receives 
2n + o{n) bits of advice and achieves a competitive ratio of 4/3 + e, for any fixed value 
of e. We also prove a lower bound that implies that a linear number of bits of advice are 
required to achieve a competitive ratio of 5/4 — 5 for any fixed value of 5. 

2 Optimal Algorithms with Advice 

In this section we study the amount of advice required to achieve an optimal solution. 
We first investigate the theoretical setting in which there is no restriction on the number 
of distinct items or on their sizes. Later we study a more practical setting with mean- 
ingful restrictions, which are justifiable in most real-world applications. 

2.1 A Theoretical Setting 

We allow up to n distinct item sizes in the sequence, and their sizes can be arbitrarily 
small. We first observe that there is a very simple algorithm that receives n log Opt bits 
of advice and achieves an optimal solution. 
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Theorem 1. To achieve an optimal packing for a sequence of size n and optimal cost 
Opt, it is sufficient to receive n log Opt bits of advice. 

Proof. Consider an offline oracle that knows an optimal packing (note that such an 
oracle has unbounded computational power). This oracle simply writes on the advice 
tape, for each item x, the index of the bin in an optimal packing that x is placed in. This 
requires log Opt bits of advice per item which sums up to n log Opt bits of advice. To 
pack any item x, the online algorithm simply reads the index of the bin that x should be 
placed in and packs x accordingly. □ 

The above algorithm looks naive, and one might think that an optimal solution using 
a significantly smaller number of bits of advice should exist. In what foUows, we prove 
that this is not the case, and indeed we need at least (n — 2 Opt) log Opt bits of advice 
to achieve an optimal packing. 

Theorem 2. To achieve an optimal packing for a sequence of size n and optimal cost 
Opt, any deterministic online algorithm requires at least (n — 2 Opt) log Opt bits of 
advice. 

Proof. Consider a class S = {oi, ... , ajv} of sequences, so that each Or has length n 
(1 < r < N). Each sequence ar in the class has the form 

/ill 1 r r r \ 

\4' 8' 16' " ' ' ''"i''"2' • ■ • ' "opt ) 

in which u^, . . . , Uq^^ are defined as follows.: 

Consider the set V of vectors of size n — Opt that take values between 1 and Opt. 
More precisely, for a vector Vr = . . . , w^_opt) G ^> we have e {1, . . . , Opt}. 
Also, assume that in each vector Vr the first occurrence of z in is before that of i + 1 

(1 < z < n-OPT-1). 

For example, when n = 8 and Opt = 3, the vector (1, 2, 3, 2, 1) is in V, but 

(1,3, 2, 3,1) is not. 

We associate with each vector Vr GV a sequence Or G S. For a vector Vr GV and 
bin j, define Uj = l— J2 c-i' where Ui is the ith item in the sequence Or, i.e., 

l<i<n— Opt 

0-i = 2iTT- The sum over the empty set is defined to be 0. Note that all ?ijS are strictly 
larger than .5. We refer to the first n — Opt items as small items and the last Opt items 
as large items. 

For example, assume n = 8 and Opt = 3. For a vector Vr = (1,2,3,2,1), 
we have = I - {} + ^ .734375, = 1 - (| + Jg) = .84375, 
and Mg = 1 — = .9375. Hence, the sequence ar associated with Vr is 
(i h h h h -734375, .84375, .9375). 

In fact, Vr indicates in which bin each of the first n — Opt items of ar should be 
placed, and at the end, fills the empty space of the j'th bin to capacity to achieve an 
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optimal packing P for a given sequence (it is optimal since all bins are fully packed). We 
claim that P is the unique optimal packing. Suppose there is another optimal packing 
P'. Observe that each bin includes at most one large item, and indeed exactly one since 
we assume it is also optimal. Let ai{l < i < n — Opt) be the first item which is placed 
in some other bin in P' than the one prescribed by P. Consider the bin B that is 
placed into in P. This bin cannot be fully packed in P' since is strictly larger than 
the total size of all remaining small items, i.e., even if we put all of them in the empty 
space of flj, there is still some empty space in B. As a result P' cannot be optimal. 
Hence there is unique solution for packing each sequence of class S. 

Note that there are N = Opt""°" / Opt! sequences in class S. We claim that 
these sequences need separate advice strings. Suppose otherwise, and let ar, <Jr' G S 
{r 7^ r') be two different sequences with the same advice string. Note that the first 
n — Opt items in these sequences are the same. Since the online algorithm performs 
deterministically and we assume it receives the same advice for both ar and ar', the 
partial packings of the algorithms after serving the first n — Opt items are the same 
for both sequences. However, as discussed earlier, this implies that the final packing 
of the algorithm is different from the optimal packing prescribed by Vr" for at least 
one of the sequences. As discussed, such a packing is the unique optimal packing and 
deviating from that increases the cost of the algorithm by at least one unit. As a result, 
the algorithm performs non-optimally for at least one of ar or cr, / . We conclude that 
the sequences in class S need separate advice strings. Since there are Opt"~°" / Opt! 
sequences m 5*, at least log(OPT""°" / Opt!) = {n- Opt) log(OPT) - log(OPT!) > 
{n — 2 Opt) log Opt bits of advice are required to get that many distinct advice strings. 

□ 

2.2 A Practical Setting 

A closer look at the proof of Theorem |2]re veals that we are building sequences having 
an unbounded number of distinct items, and the items are as small as 1/2"^°''^. In 
most practical settings, the number of distinct item sizes is not as large as n, and also 
the items are not arbitrarily small, i.e., there is a lower bound on the size of items that is 
independent of the value of n. In what follows, we consider a practical scenario where 
there are m = o{n) distinct items and each item can be described using log m bits. 

Lemma 1 (f2|). Consider the restriction of the bin packing problem to instances in 
which the number of distinct item sizes is a constant non-negative integer m. There is a 
linear algorithm that optimally solves this restricted problem. 

In case there are more than a constant number of distinct items sizes, we can almost 
optimally solve the problem if the item sizes are lower bounded by a fixed value e. 

Lemma 2 ( II22I ). Consider the restriction of the bin packing problem to instances in 
which each item is of size at least e. There is a polynomial approximation algorithm 
that solves this restricted problem within a factor of (I + s). 

Provided with the above lemmas, it is not hard to devise almost optimal online 
algorithms receiving m log n bits of advice. 
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Theorem 3. Consider the online bin packing problem under a practical setting in 
which there are m distinct items. If m is a constant, there is a (linear time) optimal 
online algorithm that receives mlogn bits of advice. In case m is not a constant, but 
the items sizes are at least e, there is a (polynomial time) optimal online algorithm that 
receives m log n bits of advice and achieves a competitve ratio ofl + e. 

Proof. The offline oracle simply encodes the input sequence, considered as a multi-set, 
in TO log n bits of advice. In order to do that, it simply writes the number of occurrences 
of each of the m distinct items on the tape. The online algorithm uses the algorithms of 
Lemma [U (for constant to) or Lemma |2](for non-constant to) to compute an (almost) 
optimal packing, and packs the items in an online manner according to such a packing. 

□ 

Thus, m log n bits of advice are sufficient for an online algorithm to (almost) op- 
timally pack a sequence. We show that this bound is asymptotically tight by proving 
that at least (m — 3) log n — 2m log to bits are required to achieve an optimal solution. 
Thus, for constant values of m, the lower and upper bounds are tight within lower order 
terms. To prove the theorem, we use the following simple lemma. 

Lemma 3. Consider the equation xi + 2x2 + . . . + axa = X in which the XiS (i < a) 
and X are non-negative integers. If X is sufficiently large, then this equation has at 

least I 1 H ?24-7T I solutions. 

\ q(q + 1) ) 

Proof. Define A — X^iLi Assign arbitrary values in the range [O..X/yl] to all x^s for 

2 <i < a (for simplicity assume X/A is an integer). There are {1 + X/A)°'^^ different 
such assignments. Any of these assignments defines a valid solution for the equation 
since by definition of A we have '}2'^=2 — assign xi — X~'Y^'^^2 '^^i- 
Replacing A with a{a + l)/2 completes the proof. □ 

Theorem 4. At least (m — 3) log n — 2to log to bits of advice are required to achieve 
an optimal solution for the online bin packing problem on sequences of length n with 
m distinct items, each of size at least 

Proof. We define a family of sequences of length n and containing to distinct items 
and show that the sequences in this family need separate advice strings to be opti- 
mally served by an online algorithm. To define the family, we fix to item sizes as be- 
ing {tt^-, ^tt^, ^tt^, .... 2^T— 1|. To simplify the argument, we scale up the sizes of 
bins and items by a factor of 2to. So, we assume the item sizes are {1, m + 2, to + 

3 . . . , 2to — 1, 2to}, and the bins have capacity 2m. Each sequence in the family starts 
with n/2 items of size 1. Consider any packing of these items in which all bins have 
level at most equal to m — 2. Such a packing includes ai bins of level 1 (one item in 
each), 02 bins of level 2 (two items in each), etc., such that the a^s are non-negative 
integers and oi + 2a2 + . . . + (m — 2)a„i_2 = ?^/2. By Lemma[3] there are at least 

(\ m— 3 
"t" (m-i"(m-2) ) distinct packings with the desired property. For any of these 

packings, we define a sequence in our family. Such a sequence starts with n/2 items 
of size 1 and is followed by another n/2 items. Let B denote the number of bins in a 
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given packing of the first n/2 items, so that B < n/2. The sequence associated with 
the packing is followed by B items of size larger than m + 1 which completely^? these 
bins (in non-increasing order of their sizes). Finally, we include another n/2 — B items 
of size 2m in the sequence to achieve a sequence of length n (see FigurefTll. 

We claim that any of the sequences in the family has a unique optimal packing of 
size n/2. This is because there are exactly n/2 large items of size strictly greater than 
TO (more than half the capacity of the bin), and the other n/2 items have small size 1 
(which fit the empty space of all bins). So each bin is fully packed with one large item 
of size X and 2m — x items of size 1. 

The unique optimal packing of each sequence is defined by the partial packing of the 
first n/2 small items. Consider a deterministic online algorithm A receiving the same 
advice string for two sequence cti and CT2. Since A is deterministic and both sequences 
start with the same sub-sequence of small items, the partial packing of the algorithm 
after packing the first n/2 items is the same for both ai and (T2- As a result, the final 
packing of A is sub-optimal for at least one them. We conclude that any deterministic 
online algorithm should receive distinct advice strings for each sequence in the family. 

(\ m— 3 
^ + (m-i)"(m-2) ) sequences in the family, at least (to — 

3) log ( 1 + (nt-iKm-2'i ) > ("1 ^ 3) log n — 2to log TO bits of advice are required. □ 
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The packing of sequence (1<^^' 11 11 11 11 11 11 11 8 8 12''^)) 

Fig. 1. The optimal packings for two sequences of the family when n = 30 and m — 6 (item 
sizes and bin capacities are scaled by 2m = 12). 
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3 An Algorithm with Sublinear Advice 



In what follows we introduce an algorithm that receives log n bits of advice and achieves 
a competitive ratio of 1 . 5, for any instance of the online bin packing problem. An offline 
oracle can compute and write the advice on the tape in linear time, and the online algo- 
rithm runs as fast as First-Fit, i.e., in time O {n log Opt). Thus, the algorithm might be 
applied in practical scenarios in which it is aUowed to have a "quick look" at the input 
sequence. Recall that the competitive ratio 1.5 of the algorithm is strictly better than the 
ratio attainable by any onhne algorithm. 

We call items tiny, small, medium, and large if their sizes lie in the intervals (0,1/3], 
(1/3, 1/2], (1/2,2/3], and (2/3, 1], respectively The only advice that the algorithm 
receives is the number of medium items, which we denote by a. 

The algorithm reads the advice tape, obtains a, and opens a bins, called critical 
bins, and reserves 2 /3 of the space in each of them. This reserved space will be used to 
place a medium item in each of the critical bins. These bins have a virtual level of size 
2/3 at the beginning. If a non-medium item is placed in such a critical bin, the virtual 
level is increased. When a medium item is placed in the reserved space, the virtual level 
is decreased to reflect the actual level. The algorithm serves an item x in the following 
manner: 

- If x is a large item (has size larger than 2/3), open a new bin for it. 

- If a; is a medium item, put it in the reserved space of a critical bin B. Update the 
virtual level to the actual level. {B will not have reserved space any more.) 

- If a; is smaU or tiny, use the Ff strategy to put it into any of the open bins, based on 
virtual levels. 

Theorem 5. There is an online algorithm which receives log n bits of advice and has 
cost 3/2 OPT(cr) -|- 3 for serving any sequence a of size n. 

Proof. We prove that the algorithm described above has the desired property. Note that 
the algorithm receives log n bits of advice. Consider the final packing of the algorithm 
for serving a sequence a. There are two cases. In the first case, there is a critical bin 
B so that no other item, except a medium item, is placed in it. Since all tiny items are 
smaller than 1/3 and can fit in B, all the non-critical bins that are opened after B include 
small and large items only. More precisely, they include either a single large item or two 
small items (except the last one which might have a single small item). Let L, M, and 
S denote the number of large, medium, and small items. The cost of the algorithm is 
at most L + M + S/2 + 1. Now, if 5 < M, this would be at most L + 3/2M + 1. 
Since L + M is a lower bound on the cost of Opt, the cost of the algorithm is at most 
3/2 OPT(a) + 1 and we are done. If S > M, Opt should open L + M bins for large 
and medium items, and in the best case, it packs M small items together with medium 
ones. For the other S — M bins. Opt has to open at least {S — M)/2 bins. Hence 
the cost of Opt is at least L + M + {S - M)/2 = L + M/2 + S/2, and we have 
3/2 0PT(f7) = 3L/2 + 3M/4 + 35/4 > 3L/2 + M + S/2. Thus, tiie cost of the 
algorithm is at most 3/2 OPT(cr) + 1. 

In the second case, we assume that all critical bins include another item in addition 
to the medium item. We claim that at the end of serving a sequence, aU bins have level 
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at least 2/3. First, we verify this for non-critical bins (bins without medium items). If 
a non-critical bin is opened by a large item, it clearly has level higher than 2/3. All 
other non-critical bins only include items of size at most 1/2. Hence, these bins, except 
possibly the last one, include at least two items. Consider two bins bi and bj (i < j) that 
have levels smaller than 2/3. Since bj contains at least two items, at least one of them 
has size smaller than 1 /3. That item could fit in 6j by the Ff property. We conclude that 
all non-critical bins, except possibly one, have level at least 2/3. 

Now, suppose two critical bins bi and bj, excluding the last one, having levels 
smaller than 2/3. Consider the first non-medium item x which is placed in bj (in the 
second case, such an item exists). Since a medium item is placed in the bin, x should 
be either tiny or small. If x is small, then the level of bj is at least 1/2 + 1/3, which 
contradicts the level of bj being smaller than 2/3. Similarly, x cannot be a tiny item of 
size larger than 1/6 (since 1/2-1-1/6 > 2/3). Hence, x is a tiny item of size at most 
1/6. This implies that at the time the online algorithm places x, bin bi has a virtual level 
of at least 5/6. The virtual level is at most 1/3 more than the actual level. Hence, the 
actual level of bi is at least 5/6-1/3 = 2/3. We conclude that at most two medium 
bin have level smaller than 2/3. To summarize, at most 3 bins have level smaller than 
2 /3. Hence, the cost of the algorithm is at most 3/2 Opt(ct) -t- 3. □ 

4 An Algorithm with Linear Advice 

In this section, we present an algorithm that receives 2n -|- o(n) bits of advice and 
achieves a competitive ratio of 4/3 -|- e for any sequence of size n, and arbitrarily small 
(but constant) values of e. 

Assume that the size of each item is approximated using k bits, so that the approx- 
imate size of the item is larger than its actual size by at most an additive term of 1/2*^. 
We can receive the number of items of each approximate size in 2*' log n bits of advice. 
The intuition is to optimally pack the items by their approximate sizes and achieve 
an approximate packing. For each item x, an approximate packing includes a reserved 
space of size x + e [e < 1/2^). This enables an online algorithm to pack any item in 
the reserved space for it in the approximate packing. So the cost of the online algorithm 
is equal to the number of bins in the approximate packing. 

Unfortunately the cost of an approximate packing can be as large as 1.5 times the 
cost of Opt. To see that, consider a sequence which is permutation of a .5 + £i, .5 — 
ei, .5 -I- 62, .5 - £2, • • • , -5 + e„/2, -5 -|- e„/2, where < 1/2"(1 < i < n/2). Since 
Opt packs all bins tightly, an increase in the sizes of items by a constant small e (which 
is necessary in the approximate packing) results in opening a new bin for each two bins 
of Opt. Hence the cost of the optimal approximate packing can be as bad as 1.5 Opt. 

The above example suggests that the approach of using approximate packings fails 
when there are bins in which a small number of large items are tightly packed. To 
provide a 4/3-competitive algorithm, we divide the bins of Opt into two groups: 

Definition 2. Consider an optimal packing of a sequence a. Given a small parameter 

e' < 1/60, define good bins as those which include a subset of items, with total size of 
at most 1/4, so that removing these items provides an empty space of size at least 5e'. 
Define all other bins to be bad bins. 
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A part of the advice received for each item x indicates if a; is packed by Opt in a good 
bin or in a bad bin. This enables us to treat items packed in these two groups separately. 

Lemma 4. Consider sequences for which all bins in the optimal packing are good (as 
defined above). There is an online algorithm that receives o(n) bits of advice in the 
beginning and achieves a competitive ratio of A/ 3. 

Proof. Call an item small if it is smaller than or equal to 1/6 and large otherwise. The 
advice bits define the approximate sizes of all large items with a precision of e'. The 
amount of advice will be roughly 2^/*^ logn which is o(n) for constant values of e'. 
The onhne algorithm A can build the optimal approximate packing of large items in 
polynomial time. In such a packing, there is a reserved space of size at most x + s' for 
any large item of size x. The algorithm considers this packing as a partial packing and 
initiahzes the level of each bin to be the total sizes of approximated items in that bin. For 
packing an item x, if x is large, A packs it in the space reserved for it in the approximate 
packing. It also updates the level of the bin to reflect the actual size of x. If x is small, 
A simply applies the First-Fit strategy to place a; in a bin of the partial packing (and 
opens a new bin for it if necessary). We prove that A is 4/3-competitive. In the final 
packing by A, call a bin "red" if all items packed in it are small items and call it "blue" 
otherwise (the blue bins constitute the approximated packing at the beginning). There 
are two cases to consider. 

In the first case, there is no red bin in the final packing of A, i.e., all small items fit 
in the remaining space of the bins in the approximate packing of large items. Let a' be 
a copy of the input sequence in which the sizes of large items are approximated, i.e., 
increased by at most e'; also let X be the number of bins for the optimal packing of a'. 
Since there is no red bin in the final packing of A, the cost of A is equal to X. Consider 
the optimal packing of the actual input sequence a. Since all bins are good, one can 
transfer a subset of items to provide an available space of size at least 5e' in each bin. 
After such a transfer, we can increase the sizes of large items to their approximate sizes. 
Since there are at most 5 large items in each bin and also available space of size at least 
be', the packing constructed this way is a valid packing for the sequence cr'. Since the 
size of the transferred items for each bin is at most 1 /4, and the transferred items from 
each group of four bins can fit in one new bin. Consequently the number of bins in the 
new packing is at most 5/40PT(cr). We know that the final packing by A is the optimal 
packing for a' (with cost X), and in particular not worse than the packing constructed 
above. Hence, the cost of A is not more than 5/4 Opt(u). 

In the second case, there is at least one red bin in the final packing of A. We claim 
that all bins in the final packing of A, except possibly the last, have levels larger than 
3/4. The claim obviously holds for the red bins since the levels of all these bins (ex- 
cluding the last one) are larger than 5/6. Moreover, since there is a bin which is opened 
by a small item, all blue bins have levels larger than 5/6, i.e., the total size of packed 
items and reserved space for the large items is larger than 5/6. Since there are at most 
5 large items in each bin, the actual level of each bin in the final packing of A is at least 
5/6 — Se', which is not smaller than 3/4 for e' < 1/60. So, all bins, except possibly 
one, have levels larger than 3/4. Consequently, the algorithm is 4/ 3-competitive. □ 



11 



It remains to address how to deal with bad bins. First, we prove two lemmas which 
are the basis of the our algorithm for packing items in bad bins. 

Lemma 5. Consider sequences for which all bins in the optimal packing include pre- 
cisely two items. There is an algorithm that receives 1 bit of advice per request and 
achieves an optimal packing. 

Proof. The single bit of advice for an item x determines whether or not the partner of 
X appeared as a previous request, where the partner of x is the item which is packed in 
the same bin as x in Opt's packing. Consider an algorithm A that works as follows: If 
the partner of x has not been requested yet, A opens a new bin for x. Otherwise, it uses 
the BF strategy to pack x in one of the open bins. We claim that A achieves an optimal 
packing. 

Assume that initially we have a mapping that maps the last item to go into a bin to 
the item it goes on top of in the optimal packing, i.e., it maps the second item of each 
bin to the first item. We update this mapping when necessary and maintain the invariant 
that we can always pack optimally according to the mapping. For serving a request x, 
if BF does not pack according to this mapping, it packs x on top of y', while, according 
to the mapping, it was supposed to pack x on top of y, and a later x' is supposed to go 
on top of y' . Due to the BF strategy, y' > y, so we can update the mapping to map the 
currently unprocessed x' to y, and, of course, xtoy'. □ 

Lemma 6. Consider a sequence a for which all items have sizes larger than 1/4 and 

for which each bin in OPT 's packing includes precisely three items. The cost of the 
Harmonic algorithm is at most 4/3 Opt((t) + 3/or serving such a sequence. 

Proof. The proof is based on a simple weighting function. Call an item x large if 1/3 < 
x < 1/2 and small otherwise (1/4 < a; < 1/3). Define the weight of x to be 1/2 if 
X is large and 1 /3 if it is small. Consider a bin B in the packing of cr by Opt. Since 
there are three items in B, its weight is maximized when there are two large items and 
one small item in it (three large item do not fit in the same bin). Hence, the weight of 
each bin in the Opt packing is at most 2x1/2 + 1/3 = 4/3. Consequently, we have 
OPT(cr) > 3/4VF, where W is the total weights of all items. 

The Harmonic algorithm (Ha) simply packs small and large items in separate col- 
lections of bins. So, each of the algorithm's bins, except possibly two bins, contains 
either three small items or two large items. In both cases, the weight of each bin is at 
least 1 and we have Ha(ct) < + 2. As a conclusion Ha (a) < 4/3 OPT(cr) + 2 which 
completes the proof. □ 

Lemma 7. Consider a sequence u for which all bins in the optimal packing are bad 

bins ( as defined earlier). There is an algorithm that receives two bits of advice for each 
request, and opens at most (4/3 + jz^p-) OPT (cr) + 3 bins. 

Proof. By the definition of bad bins, for any bin in the optimal packing, there is no sub- 
set of items whose removal provides an available space of size in the range [Se', 1/4]. 
So, all items are either smaller than 5e' or larger than 1 /4. We call the former group of 
items tiny items and pack them separately using the Ff strategy. We refer to other items 
as normal items. Consider an offline packing Opt' which is the same as Opt, except 
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that all tiny items are removed from their bins and packed separately in new bins using 
the Ff strategy. This implies that the cost of Opt' is more than Opt by a multiplicative 
factor of at most 1 + j-^- In Opt's packing, consider the bins with normal items. 
Since all items are larger than 1/4, each bin contains at most three items. We say a bin 
of Opt' has type i [i G {1,2, 3}), if it contains i normal items. Similarly, we say an 
item X has type i if it is packed in a type i bin. All items in type 3 bins have sizes smaller 
than 1/2 (otherwise one will have size at most 1/4 which contradicts the assumption). 
Moreover, the sizes of the items in all type 1 bins (except possibly the last one) are 
larger than 1/2 (otherwise a better packing is achieved by pairing two of them). We 
conclude that with two bits of advice, we can detect the type of an item. To be more 
precise, let b denote the two bits of advice with item x. If b is "01" and x > 1/2, then 
X has type 1; if b is "01" and x < 1/2, then x has type 3; and if b is "10" or b is "11", 
then X has type 2. Note that the code "00" is not used, and the use of "10" and "11" is 
still to be detailed. 

Let Xi denote the number of bins of type « (1 < « < 3). Hence, we have Opt' = 
Xi + X2 + X3 + X' , where X' is the number of bins filled by tiny items. Consider an 
algorithm A that performs as follows. If an item x has type 1, A simply opens a new 
bin for x. If x has type 2, the algorithm applies the strategy in Lemma |5]to pack these 
items in X^ bins. Recall that the advice in this case is either "10" or "11", so the second 
bit provides the advice required by Lemma |5] The cost of the algorithm for packing the 
items of types 1 and 2 is Xi + X2. If x has type 3, A applies the Harmonic strategy to 
pack the item in a set of bins maintained for type 3 items. By Lemma |6] the cost of the 
algorithm for these items is at most 4/3X3 + 2. Finally, A simply uses the Ff strategy 
to pack tiny items in separate bins. Consequently, the cost of the algorithm for serving 
all items is X1+X2 + 4/3^3 + X' + 2 < (4/3 + x Opt +3. □ 

Provided with the above results, we arrive at the following result: 



Theorem 6. There is an online algorithm which receives two bits of advice per request, 
and achieves a competitive ratio of 4/3 + e,for any positive value of e < 1/11. 

Proof. Define e' to be ^ . Note that since e < 1/11, we have e' < 1/60. Moreover, we 
have ^ = ^jj- = e. In an optimal packing, divide bins into good and bad 

bins using Definition |2l Also, let Gd and Bd respectively denote the number of good 
and bad bins. Use advice bits to distinguish items which are packed in good and bad 
bins, and pack them in separate lists of bins. More precisely, let the two bits of advice 
for an item x be "00" if it is packed by Opt in a good bin, and apply Lemma|4]to pack 
items these items in at most A/3Gdhms. Similarly, apply Lemma|2]to pack items from 
bad bins in at most {4/3 + j^^)Bd+3 < (4/3 +e)-B(i+ 3 bins, using bits of advice of 
the form "01", "10", or "11", as discussed in the proof of Lemma|7] Consequently, the 
cost of the algorithm will be at most 4 /3Gd +{4/3 + e)Bd+3 < {4/3 + e) OPT{a) + 3. 

□ 
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5 A Lower Bound for Linear Advice 



In this section we show that an onHne algorithm needs a linear number of bits of ad- 
vice to achieve a competitive ratio better than 5/4. We make use of the Binary String 
Guessing Problem, which is defined and analyzed in Q . 

Definition 3 (| 4 1). The Binary String Guessing Problem with known history ( 2-SGKH) 

is the following online problem. The input I = (n, Xi, X2, ■ ■ ■ , Xn) consists of n items 
that are either or 1 and that are revealed one by one. For each item Xt, the online 
algorithm A must guess if it is a or a 1. After the algorithm has made a guess, the 
value of Xt is revealed to the algorithm. 

Lemma 8 (||3l)- On input of length n, any deterministic algorithm for 2-SGKH that is 
guaranteed to guess correctly on more than an bits, for 1/2 < a < 1, needs to read at 
least (1 + (1 — a) log(l — a) + aloga)n bits of advice. 

Since the number of bits needed to express the number of "0"s in the input is at 
most log n, and this number can be given as advice by an oracle, if it is not given to the 
algorithm otherwise, we easily obtain the following: 

Lemma 9. Consider instances of size n of the 2-SGKH problem in which the number of 
"0 "s is given to the algorithm as part of the input. For these instances, any deterministic 
algorithm that is guaranteed to guess correctly on more than an bits, for\/2 < a < 1, 
needs to read at least (1 + (1 — a) log(l — a) + a log a)n — 2(log n + 2) bits of advice. 

Proof. Assume to the contrary that the statement is not true. Hence, there is an algo- 
rithm, BSGA, that knows the number of "0"s and receives fewer than (1 + (1— a) log(l — 
a) + a log a)n — 2(log n + 2) bits of advice while guessing correctly on more than an 
bits. This algorithm can be used to serve arbitrary instances of the 2-SGKH problem (in 
which the number of "0"s is not known). Modify the advice tape used by the algorithm 
BSGA so that it contains at most 2(log n + 2) additional bits at the beginning specifying 
the number of "0"s. (The number can for instance be encoded using two zeros for each 
zero, two ones for each one, and the pattern "10" to signal the end of the encoding.) 
The algorithm for 2-SGKH reads this number and gives it to BSGA. Then it asks BSGA 
for its guess for each bit in the sequence and answers the same as BSGA. It also informs 
BSGA of when it is correct and when it is wrong, with the same information it is given. 
The algorithm is correct exactly when B SGA is correct. The total number of advice bits 
will be less than 2(log n + 2) + (1 + (1 - a) log(l - a) + a log a)n - 2(log n + 2) = 
(1 + (1 — a) log(l — a) + a log a)n. However, Lemma|8]implies that no algorithm can 
guess correctly on more than an bits with this many bits of advice. In conclusion, the 
initial assumption is incorrect and the statement holds. □ 

In order to relate the Binary String Guessing Problem to the online bin packing 
problem, we introduce another problem called the Binary Separation Problem. 

Definition 4. The Binary Separation Problem is the following online problem. The in- 
put I = {ni , 2/0; yi: ■ • ■ : Un) conslsts ofn = ni+n2 positive values which are revealed 
one by one. There is a fixed partitioning of the set of items into a subset ofni large items 
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and a subset of n2 small items, so that all large items are larger than all small items. 
Upon receiving an item iji, an online algorithm for the problem must guess if y belongs 
to the set of small or large items. After the algorithm has made a guess, it is revealed to 
the algorithm whether yi actually belongs to class of small or large items. 

We provide reductions from the modified Binary String Guessing Problem to the 
Binary Separation Problem, and from the Binary Separation Problem to the online bin 
packing problem. In order to reduce a problem Pi to another problem P2, given an 
instance of Pi defined by a sequence <ti and a set of parameters 771 (such as the length 
of CTi or the number of "0"s in it), we create an instance of P2 which is defined by a 
sequence (T2 and also a set of parameters 772. In our reductions, we assume 772 is derived 
from 771, and since ai is revealed in an online manner, CT2 is created in an online manner 
by looking only at 771 and the revealed items of cti. 

Lemma 10. Assume that there is an online algorithm that solves the Binary Separation 
Problem on sequences of length n with b{n) bits of advice, and makes at most r{n) mis- 
takes. Then there is also an algorithm that solves the Binary String Guessing Problem 
on sequences of length n, assuming the number of "0"s is given as a part of input, so 
that the algorithm receives h{n) bits of advice and makes at most r{n) errors. 

Proof. We assume that we have an algorithm BSA that solves the Binary Separation 
Problem under the conditions of the lemma statement. Using that algorithm, we define 
the number ni of large items to be the number of "0"s in the instance of the Binary 
String Guessing Problem. Then, we implement our algorithm BSGA for the Binary 
String Guessing Problem as outlined in Algorithm [T] which defines the reduction. 

Note that this BSGA implementation, defined in Algorithm[T] functions as an adver- 
sary for BSA, e.g., in Line|5] BSGA gives BSA its next request. Notice that we ensure 
that the BsGA makes a correct guess if and only if BSA makes a correct guess. The 
advice tape is filled with bits of advice for this combined algorithm. The BsGA uses the 
BSA as a sub-routine, but all the questions are effectively coming from the BSA. 

The set-up, reminiscent of binary search, is carried out as specified in the algorithm 
with the purpose of ensuring that when the BSA is informed of the actual class of the 
item it considered, no result can contradict information already obtained. Specifically, 
the next item for the BSA to consider is always in between the largest item which 
has previously been deemed "small" and the smallest item which has previously been 
deemed "large". The fact that we give the middle item from that interval is unimportant; 
any value chosen from the open interval would work. □ 

Now, we prove that if we can solve a special case of the bin packing problem, we 
can also solve the Binary Separation Problem. 

Lemma 11. Consider the bin packing problem on sequences of length 2n for which 
Opt opens n bins. Assume that there is an online algorithm A that solves the problem 
on these instances with b(n) bits of advice and opens at most n + r{n)/2 bins. Then 
there is also an algorithm BSA that solves the Binary Separation Problem on sequences 
of length n with h{n) bits of advice and makes at most r{n) errors. 
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Algorithm 1 Implementing Binary String Guessing via Binary Separation. 



1: small = 

2: large = 1 

3: repeat 

4: mid = (large — small) / 2 

5: class_guess = SeparationAlgorithm.ClassifyThis(mid) 
6: if class_guess = "large" tlien 
7: bit.guess = 
8: else 

9: bit.guess = 1 

10: actuaLbit = Guess(bit_guess) {The actual value is received after guessing (2-SGKH).} 
11: if actuaLbit = then 

12: large = mid {We let "large" be the correct decision.} 
13: else 

14: small = mid {We let "small" be the correct decision.} 

15: until end of sequence 



Proof. In the reduction, we encode requests for the BSA as items for bin packing. As- 
sume we are given an instance / = (ni, ?/0i Hi, ■ ■ ■ ,yn) of the Binary Separation prob- 
lem, in which ni is the number of large items (rii + n2 = n), and the values of yts are 
revealed in an online manner {I < t < n). We create an instance of the bin packing 
problem which has length 2n. Algorithm |2] shows the details of the reduction. The bin 
packing sequence starts with ni items of size .5 + (in Algorithm|2] the vaiiable 
"NumberOfLargeltems" is ni from the Binary Separation Problem). Note that any al- 
gorithm needs to open a bin for each of these ni items. We create the next n items in 
an online manner, so that we can use the result of their packing to guess the requests 
for the Binary Separation Problem. Let t — yt {1 < t < n) he a requested item of the 
Binary Separation Problem; we ask the bin packing algorithm to place an item whose 
size is an increasing function of r, and slightly less than .5. Depending on the decision 
of the bin packing algorithm for opening a new bin or placing the item in one of the 
existing bins, we decide the type of r as being consecutively small or large. The last 
712 items of the bin packing instance are defined as complements of the items in the 
bin packing instance associated with small items in the binary separation instance (the 
complement of item x is 1 — x). We do not need to give the last items complementing 
the small items in order to implement the algoiithm, but we need them for the proof of 
the quality of the correspondence that we are proving. 

Call an item in the bin packing sequence "large" if it is associated with large items 
in the Binary Separation Problem, and "small" otherwise. For the bin packing sequence 
produced by the reduction, an optimal algorithm pairs each of the large items with one 
of the first ni items (those with size .5 + e.,nin), placing them in the first ni bins. Opt 
pairs the small items with their complements, starting one of the next n2 bins with each 
of these small items. Hence, the cost of an optimal algorithm is ni + n2 = n. 

The values £min and £max in Algorithm |2] must be small enough so that no more 
than two of any of the items given in the algorithm can fit together in a bin. No other 
restriction is necessary. 
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Algorithm 2 Implementing Binary Separation via Special Case Bin Packing. 

1: Choose Smin and Smax so that < Emin < £max < | 

2: Choose a decreasing function / : R — > (emin-Smax) 

3: for i = 1 to NumberOfLargeltems do 

4: BinPacking.Treat(.5 + emin) {The decision can only be to open a bin.} 

5: repeat 

6: Let r be the next request 
7: decision = BinPacking.Treat(.5 — /(t)) 
8: if decision = "packed with an .5 + Emin item" tlien 
9: class.guess = "large" 
10: else 

1 1 : class.guess = "small" 

actuaLclass = Guess(class_guess) 
12: if actuaLclass = "small" tlien 

13: Smallltems.append(r) {Collecting small items for later.} 

14: until end of request sequence 

15: for i = 1 to len(Smallltems) do 

16: BinPacking.Treat(l — Smallltems[i]) {The decision is not used.} 



We claim that each extra bin used by the bin packing algorithm, but not by Opt, 
results in at most two mistakes made by the derived algorithm on the given instance of 
the Binary Separation Problem. Note that a deviation from the optimal packing happens 
when A opens a new bin for a large item or A places a small item in an existing bin. 
If A opens a new bin for a large item, in the final packing of A, there is an extra bin 
compared to the optimal packing. This is because large items do not fit in the same bins 
as complements of small items. The extra bin has enough space for another large item, 
hence, there is an overhead of one for two mistakes. Similarly, if A packs a small item 
with one of the first ni items, it eventually has to open a new bin for a large item (since 
there are only ni spots in the bins of the first ni bins which should be reserved for large 
items). To summarize, A has to decide if a given item is small or large and performs 
accordingly, and it pays a cost of at least 1/2 for each incorrect decision. If A opens 
at most n + r{n)/2 bins, since there are at most two items in each bin, it has deviated 
from optimal packings for at most r{n) items, and, consequently, the algorithm derived 
from A for the Binary Separation Problem makes at most r{n) mistakes. □ 

Based on the above results, we prove the following theorem: 

Theorem 7. Consider the online bin packing problem on sequences of length n. To 
achieve a competitive ratio o/c (1 < c < 5/4), an online algorithm needs to receive 
at least (n(l + (2c - 2) log(2c - 2) + (3 - 2c) log(3 - 2c)) - 2(log n + 2))/2 bits of 
advice. 

Proof. Consider a bin packing algorithm A that receives h{n) bits of advice and achieves 
a competitive ratio of c. This algorithm opens at most (c — 1) Opt bins more that 
Opt, so when Opt = n/2, it opens (c — l)n/2 bins. By Lemma [TT] the existence 
of such an algorithm implies that there is an algorithm A that solves the Binary Sep- 
aration Problem on sequences of length n/2 with b bits of advice and makes at most 
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(c — 1)71 errors. By Lemma[TO] this implies that there is an algorithm B that solves the 
Binary String Guessing Problem on sequences of length n/2 with b bits of advice and 
makes at most (c — l)n mistakes, i.e., it correctly guesses the other n/2 — (c — l)n = 
(3 — 2c)n/2 items. Let a = 3 — 2c, and note than a is in the range [1/2, 1) when c 
is in the range (1,5/4]. Lemma |9] implies that in order to correctly guess more than 
an/2 of the items in the binary sequence, we must have b{n) larger than or equal to 
((1 + (1 - a)log(l - a) + a\oga)n - 2(logn + 2))/2. Replacing a with 3 - 2c 
completes the proof. □ 

For a competitive ratio of 5/4, Theorem |7] does not say anything stronger than that 
zero bits of advice are required. However for doing better than 5/4, a linear number 
of bits of advice is rquired. For example, to achieve a competitive ratio of 9/8, at least 
n/10 bits of advice are required. 

Corollary 1 Consider the bin packing problem for packing sequences of length n. To 
achieve a competitive ratio of 5/4: — S, in which S is a small, but fixed positive number, 
an online algorithm needs to receive [2{n) bits of advice. 

6 Concluding Remarks 

We conjecture that a sublinear number of bits of advice is enough to achieve competi- 
tive ratios smaller than 4/3. Note that our results imply that we cannot hope for ratios 
smaller than 5/4 with sublinear advice. Another direction for future work is studying 
the extension of the bin packing problem to higher dimensions under the advice model 
of complexity. We suggest that methods used in this paper could be applied to provide 
algorithms as well as lower bounds for multi-dimensional bin packing. 
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